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Note on a Roulette. 



By A. V. Lane, Ph.D. 




Let us imagine an ellipse of semi-axes a and b to roll on a right line, taking 
one extremity of its major axis as the generating point. 

With the notation of the diagram, we have 

x = OH— 0A + AB— PF= arc PA + r sin (3 — a sin a. (l) 

y = HP= GB — GF=r cos (3 — a cos a. (2) 

Now the sub-normal in the ellipse equals — 8 - multiplied by the abscissa of 

to 



b~ 
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the point of contact. .". DE = —^ GE . But ^ = tan (a -- (3) and ^ = tan a 

...*5£=0 = *.. Whence 
tan a cr 



,, (a a — 6 a ) sin a cos a 

sin /* = ;- 4 — t,--. -,- 4 . , ., 

(a 4 cos a -|- 6 sin*aj' 



sin (cc — /3) = 



6 s sin a 



(a 4 cos 2 a -f- 6 4 sin a aj» 



(3) 

(4) 
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From the equation of the ellipse, we find 

ab (a 4 cos 2 a + b* sin 2 a)» . . 

[a 2 sin 2 (a — /9) -+- 6 2 cos 2 (a — /3)]* (a 2 cos 8 a -f- 6 2 sin 2 a)* ^ ' 

mi ^ i C a a % b 2 da 

The arc PA= I . = / (a). (6) 

•Jo (a^cos'tt -J-trsnrap v 7 v / 

Making the necessary substitutions from (3)-(6) in (1) and (2) and letting 
c 2 = a 2 — & 2 , we have, as the equation of the roulette, 

/. / \ . c 2 sin a cos a . 

a3=/(a) + -2 — j — ,„ . „ — a sin a (7) 

x ' (ar cos^a -f- o sura)* v y 

' y = (a 2 cos 2 a + ft 2 sin 2 a)* — a cos a . (8) 

For brevity let ( ) represent a 2 cos 2 a + tf sin 2 a. Then 

d„= ( ) i_ « cos a = ?/, (9) 

efy c 2 sin'acosa , . ... , 

^ = ("y + a sin a = /(a) — », (10) 



<% a -\- cos a ( )* /(«) — a; 

dx~ sin a ( )* y 

^y_ ( )$ — acosa[a 8 - 2( )] 

^ 2 sin 2 a( )'[( )* — a cos a] 



(11) 
(12) 



The radius of curvature p = ± I2 + .Q + 2» oo^fljfl J*-a_coB«] _ (lg) 

r B ino{( )*— acosa[a 2 — 2( )]} V ' 

_ 4a 8 _ 2a6 2 

Po — P36o — 'Pi80 — 2a?Z^b 2 ' ^ 180 — 2cF—tf ' 

With the same axes and origin, but calling x 1 and y' the coordinates of the 
evolute, we obtain its equation by substituting from (7), (8), (11) and (12) in the 
expressions 

i + f^Y 

(Fy ' dx ^ ' 

da? 

i + f^Y 

.,-.. , + \dxj (15) 

y ~ J ^ d?y 



dx" 
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Whence the equation of the evolute is 

, _ f / n , a * b% sin g [a + cob g ( )*] (16) 

' ( >{( >-acosa[a 3 -2( )] i 

, a 3 6 3 sin 2 g 

^ ~~ — ( )i — a cosg [a 3 — 2( )] ( - 17 ^ 

/ _ / _ A / — / — ^ ' — 2a&2 
i/0 2/360 U • #90 2/270 £ * 2/l80 2 a » tf ' 

Let [ ] represent ( )f — a cos a [a 2 — 2 ( )] . 

Let \ \ represent cos a ( )i [2a 2 + c? sin 2 a] — a 3 + 3a 3 cos 2 <x + 2a sin 2 a ( ) . 

mi ^ 2T2[ a + cosa ( )*1 { i /,r,\ 

Then -=- = a 2 6 2 - — . ,, v J • ^, (18) 

da (Y IT v ' 

^-—— aWBiiiJ4, (19) 

cZg [ J v ' 

^__ „ 2 C ° Sa ^^ +Sina ^^i i - 2sina ^^ ] (20) 

dy 1 sin g ( )* 

da/ "~ <fy ~ a + cos a ( )* ' (21) 

®£- [] 8 (22) 

aV 3 ~~ a 2 6 3 [a + cos a ( )*] 3 { } *■ ; 

To determine maximum and minimum values of y', we put (19) = 0. 

Whence sin a = , cos a = =b 1 ; also { } = . This last gives (letting w = cos 3 a) 

a biquadratic in w, two of whose roots are unity. Dividing by (w — l) 2 , we 

have the quadratic 

„ _ 8a 4 — 3a 2 6 2 — ¥ , a — 4a 4 6 3 + 4« 3 5 4 _ 
W_ c^S^ + fe 2 ) W+ c 4 (3a 3 + 6 2 ) "~ ' 
whose roots are 

- ■ , , , , ~ |8a 4 — 3a 2 & 2 — 6 4 ± */52a 8 — 4a 6 F^M~ 4 ^TM 2 # f + r & 8 } = \ {M ± VI * . 
2c" 1 (3cr -j- o 3 ) ' ' ' P ' ' 

-p ]> 1 , and the plus sign cannot therefore be used before the radical as it would 
make cos a > 1 . Jf >• , if — v^ is always real, equals when -r - = V 2 , and, 

for all other values of this ratio, is positive. Let —- = ]c and + J Vl -j- V13 

= + 1.073027 + = jtt. Then w < 1 for values of k^> p, equals 1 when & equals 
{i and equals when k = \/ 2 ; giving in these cases possible values to cos a . 
But when h < /x, w > 1 and cos a impossible. So the values of y' to be" inves- 
tigated are those corresponding to 

cos a = ± 1 (from sin a = 0) , 
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cosa = — 1 (derived from (w — l) 2 =0 or from w = - p {M — \/N\ when 
k = (U ; cos a = + 1 will not reduce \ \ to 0), 

cos a 



= — v/ p when h^> [i and < V2, 



P 
cos a = when h = \/2, 



cos a = + \J p— when 7c > V 2 , 



approaching the limit + \/ ^ — — + 0.362606 — as h approaches oo. 

cPy' 6 2 

When cos a = + 1 , ~ = and ?/ = is a maximum ; or, all other 

dor a ° 

values of y 1 being negative, this is numerically a minimum. 

™ dV b 4fc 4 — 2fc 2 — 3 , , 2ab 2 . 

When cos a = — 1 , -~ = ; ^^ — ^— and ?/ = — r-= ^ is numen- 

efor ft (2r — If J 2ar — b* 

cally a maximum when lc<^n and a minimum when 7c~^>[i,. When k = [i, 

— ■ = . But an investigation of the sign of -~^ shows it to be always negative 

and the re fore the e volute always convex to the axis of X, for values of k = or 
<C[j.. This, combined with the fact that (21) shows the tangent to be perpen- 
dicular to the axis of X when cos a = — 1 , whatever the value of Je, proves y' 
numerically a maximum when cos a = — 1 , lc=- fi. 

Omitting from (20) terms containing j \ as a factor, we have 
r<Py'-i _ . 2 cos a ( )l[2a s + 8ac 2 sin 2 a]+6 2 (3a 2 — 6 a )+(5c 2 +a 2 ) c 2 cos 2 a —4c 4 cos 4 a 

u? J< > =0 _ a 6 sm a • " (7TT • 

This is clearly positive for positive values of cos a and for cos a = 0, h = \/2. 
It is also positive when cos a is negative, k lying between \/2 and fi. 

Hence, for all values of cos a derived from { } = 0, y 1 is numerically a 
maximum (cos a<0, h = ^ has already been shown to give such a value to y'). 
This maximum disappears when h = or <C ;«, because the value derived from 
| } = for cos a is then ]> 1 . 

The length of the half branch of the evolute may be found by substituting 
in (13) that value of a which makes y' a numerical maximum, doubling and then 
subtracting p 180 . 

The limiting forms of the roulette are the cycloid (Jc = 1) and the semi- 
circle'^ = oo) ; of the evolute, a cycloid (equal to the involute) and a point (the 
centre of the involute). 
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To rectify the roulette — 



Substituting in the formula dl = dx\J 1 + f-r-) , we find 



77 r& a (a 2 + 6 s ) — (b* + a 2 6 2 — 2a 4 ) cos 3 a „ , .. ,f, 

dl = [ — v - ~ '- - — x ~-~^r -i 2a 3 cos a ( )~*J da . 



Let cos a = m, da = — -j===i , /= & 2 (a* + 6 2 ) , g = b* + «»6* - - 2a 4 , 
h = a*— 2& 2 ; then 

* = - [sr-rS^ - 2a3 - ct <* + M*»- 

Now b 4hJ-M = A + ™ + ^ + etc - 

where ^ = ^' <?= ~ i*r(<7 + {r) > 

The « th coefficient of this series may be formed thus — first considering the 

6V h 

minus signs as plus, add together -^ times the (n — 2) th coefficient and -p- times 

the (n — l) th coefficient and multiply this sum by ( — l)* -1 . Again, (b 2 + (?u 3 )~ i 

= b" 1 — i &- 8 cV + f &- B cV — etc., and — 2a 3 . — ^ ; (6 2 + c 2 « 2 )-* = Bu + Pw 3 

1 — u 

+ Pm 5 + etc., where B= — 2a 3 b~\ D = — 2a 3 (— \b~*& + &- 1 ), P= — 2a 3 

(| &-5 c 4 _ t J-3 C 3 4-fe-i), etc< 

The n til coefficient of this series may be formed by multiplying — 2a 3 by the 
sum of n coefficients of the preceding series. 

We may now write dl = — (A -J- B) h du, 

where R = Bu + Cut 1 + Bu 3 + etc. 

Expanding and substituting for B its value, we have 

dl = A'du + B'udu -f- G'u % du + B'uPdu + E'vPdu + etc. 
where A' = — M 5' = — * 4~ 4 P, C" = — * J.-* (7 + i A~^B\ 
P' = — M~*P + iA-' i (2BG) — T V^ _I P 3 , 
P' = —iA-^E + iA-^^BD + <7 2 ) — T V A-* (3P 2 <7) + r hA~ i B i , etc. 

Integrating and determining the constant from a = 0, w = + 1 , 7=0, we 
have 

?=^„ + _ + _ + _ r+ _ + etc-^-- 5 — - - 3 -_ T _ T -etc 

For a = II, w = — 1 , 7 = arc OP' = J branch. Then arc OP' = — 2 

O' + x + f + etc -l- 
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Calling S the area included between a portion of the curve, beginning at 
the origin of coordinates, the X axis and the ordinate, we have 

S = / ydx = / jfda 

— 2« 3 / cos 3 aefoc + ft 2 I sinWa — 2a J ( ) l cos ada. 

The first integral equals ia + 1 sin 2a, the second equals i<x — | sin 2a. 
To integrate the last term — expanding we have 

. Sk e 2 cos^ada c 4 cos 5 ada 

( ) a cos arfa = b cos aaa -) ^ ~rg 1- etc. 

c 3 
= 5 cos ada + rgy (cos 3ada + 3 cos arfa) 

c 4 
— ^7/8 ( cos 5a(Za + 5 cos 3acZa +10 cos ada) + etc. 

Integrating this and substituting, we have S = I (2a 3 + J/) a + |(2a 3 — ft 3 ) 
sin 2a 

ft sin a + ~ 3 y (| sin 3a + 3 sin a) — ^ (} sin 5a + 1 sin 3a + 10 sin a) + etc. 

Making a = 211, we have the area for one branch equal to II (2a 3 + ft 3 ). 
Calling Fthe volume generated by the revolution of S about the X-axis, 
we have 

V = II / y % dx = II Jy s da 

= II / [( )i da — 3aft 3 cos ada — a (3c 3 4- a 2 ) cos 3 aaa + 3a 2 ( )i cos^xaa] . 

Expanding the irrational expressions and transforming the higher powers of 

cos a to cosines of multiples of a as before, we find 

^ * /o a , at*\ i 36c 3 sin 2a . 3c 4 . , . . 

-gr = — (3c 2 + 4ft 3 ) a H 28 h ^ (1 sin 4a + f sin 2a + 3a) — etc. 

— 3aft 2 sin a 5^ — (i sin 3a + 3 sin a) 

r c 3 

+ 3a 3 1 J fta + i ft sin 2a + rjT (i sin 4a + | sin 2a + 3a) 

e 4 -i 

— Hiis («" sm 6a + i srn 4a + "V 5 - sin 2a -+- 10a) + etc. . 

For a = 211, we have the volume thus generated by the area of one branch 
equal to 

n 3 [i6(3a 3 + ft 3 ) + ^-etc. + 3a 3 (ft+U-g l + etc.)]. 
University of Texas, Austin, July, 1885. 
Vol. viit. 



